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INTRODUCTION 
How does one recognize a degenerate conic? 
Analytic Geometry textbooks shed unsatisfactory light 
Of course, all such books are obliged 
to make a revelant statement or two in order to dispose of 
this bothersome subject. 
reference materials reveals only a single publication* 
on this question. 
But an examination of available 
presenting a discussion of somewhat satisfactory dimen­
sions. Elsewhere, observations on degenerate conics are 
widely scattered and definitely subordinated to more impor­
tant main topics. Such observations do not support an 
integrated point-of-view. Students attending courses in 
Analytic Geometry could be helped immensely by an adequate 
discussion of degenerate conics. 
The purpose of this study is to present a concise 
elementary discussion of degenerate conics by organizing 
and interpreting the concepts commonly found in Analytic 
Geometries. Chapter I outlines the emergence of degenerate 
conic sections in Synthetic Greek Geometry. Chapter II 
uses second-degree equations of Coordinate Geometry to 
*Smith, Salkover, and Justice, Analytic Geometry, 2nd edi­
tion, pp. $3-k, 123-8, 271, New York: John Wiley and Sons, 
mc,, 195k-
2 
identify degenerate conics. The Third Chapter locates 
degenerate conics through analysis of focus-directrix 
properties involved in eccentricity. The study closes with 
a Summary statement and list of References. 
CHAPTER I 
THE GEOMETRY OP THE GREEKS 
Background 
The three principal branches of mathematics are 
algebra, analysis and geometry. Geometry is that branch 
which deals with the properties of space. The word means 
"earth measurement. " Geometry arose in Egypt about 2000 
B. C. as a practical science of measurement. Thence it 
was brought to Greece by Thales (61j.O - ̂ 2+6 B. C.). Much 
progress was made by Pythagoras (6th century B. C.} and 
his followers. Among others, Hippocrates (c. J4.60 B. C.) 
attempted a logical presentation in the form of a chain of 
propositions based on a few definitions and assumptions. 
His work was greatly improved by Euclid (about 300 B. C.) 
whose "Elements" became one of the most widely read books 
in the world. 
Regular Conic Sections 
The Greeks created the geometry of conic sections. 
Conic sections are the curves which arise as the plane 
Greek geometers con-sections of right circular cones, 
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Cutting an Ellipse Cutting a Parabola Cutting a Hyperbola 
Vertex less than 90° Vertex equal to 90° Vertex exceeds 90° 
(1) acute-angled, with vertical angle less than 
90°; (2) right-angled, with vertical angle equal to 90°; 
and (3) obtuse-angled, with vertical angle more than 90°. 
The intersection of these three classes of cones with 
cones: 
planes perpendicular to a generating element gave three 
types of regular conic sections: (1) the ellipse, (2) the 
parabola, and (3) the hyperbola. These three Greek words 
mean: (1) "less than", (2) "equal", and (3) "exceeding". 
After Apollonius it became customary to obtain all 
three sections from one cone by taking different sections 
A plane passing entirely across one nappe 
A plane parallel to a 
rectilinear element of the cone intersected it in a 
of the cone. 








Ellipse Parabola Hyperbola 
parabola. A plane cutting both nappes of the cone Inter­
sected it in a hyperbola. 
Most of the important properties of the three regular 
conic sections were deduced by the Greeks using the methods 
of synthetic geometry. 
inaugurated the geometry of conic sections. 
(287 - 212 B. C.) computed the area of a parabolic segment 
But It was the supreme 
Menaechmus (375 - 325 B. G.) 
Archimedes 
as well as the area of an ellipse, 
master of synthetic methods, Apollonius, "the Great Geome­
ter" (262 - 200 B. G.) who gave the conic sections their 
familiar names and systematized their study in 3$7 proposi­
tions contained in eight books. 
6 
Degenerate Conic Sections 
The degenerate conic sections are obtained when the 
cutting plane passes through the vertex of the cone. 







in a Point 
Degenerate Ellipse 
Iatersacting cone | Cutting cone in 
Intersecting Lines 
Degenerate Hyperbola 
in a Line 
Degenerate Parabola 
Situation One produces type (1), a point, the degenerate 
ellipse. 
the degenerate parabola. 
(3), a pair of intersecting lines, the degenerate hyperbola. 
The Greeks made few direct contributions to the investiga-
(The curves were called 
Situation Two produces type (2), a straight line, 
Situation Three produces type 
tion of degenerate conic sections. 
7 
"degenerate" because they did not fall within the body of 
knowledge mathematicians had developed concerning the 
three regular conic sections). 
Euclid (300 B. C.), for example, mentioned the degen­
erate hyperbola (pair of intersecting lines) in his porisms, 
but left their investigation to later analytic geometers. 
Pappus (second half of the third century A. D.) made the 
last noteworthy achievement for the Greeks, 
end of their great creative period, he either transmitted 
or himself discovered three prophetic theorems. 
Almost at the 
He proved 
the focus-directrix property for the ellipse, the parabola, 
and the hyperbola, thereby foreshadowing the general equa­
tion of the second degree for all conic sections, regular 
or degenerate. 
CHAPTER II 
SECOND DEGREE EQUATIONS 
Regular Conies 
That the knowledge of conic sections could be made of 
great practical use in studying the laws of the universe 
was not learned until after the passage of many centuries. 
About 1600, Galileo in Italy discovered that the path of a 
projectile is a parabolic curve, and, about the same time, 
Kepler in Germany discovered the importance of the conics 
in studying the motion of heavenly bodies, 
that the different species of conics were not isolated 
curves, each having a geometry peculiar to itself, but that 
they formed a continuous chain—the circle passing into an 
ellipse, the ellipse into the parabola, the parabola into 
He knew that light coming from one focus of 
the ellipse was reflected by the curve to the other focus. 
To the parabola he attributed a blind focus, 




Descartes and Fermat independently introduced coordi­
nate systems which created Analytic Geometry in 1637. 
method of this new mathematics was to apply Algebra to the 
This double attack proved 
The 
solution of geometric problems, 
remarkably effective. Soon the curves of intersection were 
9 
made synonymous with algebraic equations (the curves being 
more properly referred to as loci of the equations). It 
was discovered that the locus of every second degree 
equation in two variables was a conic section (or, simply, 
a conic)--regular, degenerate, or imaginary. 
The most general form of the second degree equation in 
x and y, with real coefficients, is given by 
2 9 Ax + Bxy + Cy^ + Dx + By + F = 0. 
In equation (1) A, B, C, D, E, and F may assume any values 
whatever, except the first three may not all equal zero. 
Every Analytic Geometry text will offer simple tests by 
which the three classes of conics may be recognized using 
general equation (1). We shall use the expression 
(1) 
B2 - lj.AC 
where these symbols are coefficients from (1). 
value of this expression is less than zero, the locus of 
(1) is an ellipse; when the value of the expression is 
equal to zero, the locus is a parabola; when the expression 
has a value greater than zero, the graph is a hyperbola. 
If the 
To illustrate, consider the following equations: 
8x2 - 12xy + 17y2 - kVZ* ~ 2V5y - 15 = 0 
x2 + 2xy + 2y2 - 8x - 12y + 20 = 0 
Ipc2 - 3xy + 2y2 - 3x - 2y + 5 = 0 






9x2 + 12xy + ij.y2 - x - y = 0 
x2 - ipcy + J+y2 + 2x - l^y - 3 = 0 
x + 3xy - 2y2 + 3x + 2y + 5 = 0 





In equation (la) A = 8, B = -12, C = 17, so that 
B2 - i+AC = -1+00. 
As this value is less than zero, the curve represented by 
equation (la) is an ellipse. m equations (lb), (lc), and 
(Id) the expression B2 - l+AC has values of -i;, -32, and -l\.s 
respectively, so that each of the first four equations has 
an elliptical locus. 
A = 9, B = 12, 0 == Lj-, so that 
B2 - ij.AC = 0. 
The locus of equation (2a) is a parabola, 
of equation (2b). 
the three second degree terms of the equation for a parabola 
constitute a perfect square. 
m equation (2a) 
So is the graph 
It is a fact too obvious to ignore that 
In equation (3a) A = 1, B=3, C = -2, 
and B2 - lj.AC = 17. 
As this value is greater than zero, equation (3a) is a 
hyperbola. Equation (3b) is a hyperbola by the same test. 
if The above results may be summarized as follows: 




B - I}.AC = 0, the equation is a parabola; 
2 
B - I4.AC > 0, or positive, the equation is a hy­
perbola. 
It is common knowledge that the general equation of 
second degree may be transformed to facilitate discussion 
After transformation B2 - lj.AC may be applied 
as above for purposes of classification. 
and graphing. 
However, with the 
simpler equations, simpler devices may be used to identify 
the conics. Consider, in particular, the general second 
degree equation from which the xy term has been eliminated 
by rotation 
Ax2 + Cy2 + Dx + Ey + P = 0. 
If A and C are of like sign, the equation is an 
(2) 
«• ellipse; 
If A or C equals zero, the equation is a parabola; 
If A and C are of unlike sign, the equation is a 
hyperbola. 
Degenerate Conics 
Investigation would reveal that several of the equa­
tions referred to in the last section do not have regular 
The graph of equation (lb) is a curves as their loci. 
-* 
When A = C, as noted later, the locus is a circle. 
12 
point; so we shall call it a degenerate ellipse (point 
The graph of equation (2b) is a pair of parallel 
lines; so we shall call it a degenerate parabola. 
ellipse). 
Finally, 
the graph of (3b) is a pair of intersecting lines; there­
fore, we shall call it a degenerate hyperbola. 
Using the general form 
Ax2 + Bxy + Cy2 + Dx + Ey + F = 0, 
degenerate conics may be located by applying the discrimi-
nant, 
(1) 
2A B D 
d = B 2C E 
D E 2F . 
When the value of d is zero, the conic is degenerate. 
Let us use again the equation labeled (lb) in the pre­
ceding section 
(lb) x2 + 2xy + 2y2 - 8x - 12y + 20 = 0. 
For this equation, we compute the discriminant 
2A B D 2 2-8 
= 320 + 192 + 192 - 256 -B 2C E = 2 1+ -12 
D E 2F -8 -12 1+0 
d = 
160 - 288 = 701+ - 70i+ = 0. 
Since d equals zero, and B2 - 1+AC is negative, the locus 
is a degenerate ellipse. 
* 
Smith, Salkover and Justice, op. cit., p. 123. 
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A second illustration can be given using equation (2b) 
(2b) x - Ipcy •+ 1+y2 + 2x - l|y - 3 = 0. 
For this equation, 
2A B D 2-1+ 2 
-1+ 8 -if. = -96 + 32 + 32 - 32 + 96 -
2 -1+ -6 
d = B 2C E = 
D E 2F 
32 = 0. 
Since B - 1+AC also equals zero, the equation is a degen­
erate parabola. 
Equation (3b) may be used to illustrate the same 
application, 
6x2 + xy - 2y2 + 7x - ll+y - 21+ = 0. 
The discriminant for this equation is 
(3b) 
2A B D 12 1 7 
= 230(4. - 98 - 98 + 196 + 1 -(4. -11+ 
7 -11+ -1+8 
d = B 2C E » 
D E 2F 
1+8 - 2352 = 29+8 - 251+8 
= 0. 
O 
Since B - 1+AC is positive, the locus is a degenerate 
hyperbola. 
In the general situation, the use of the discriminant 
is a very handy device for deciding when an equation repre-
After a brief digression to con­sents a degenerate conic, 
sider imaginary loci and the circle, we shall examine more 
refined methods of locating degenerate curves. 
34 
Imaginary Loci 
Let us digress to consider the special case of equa­
tion (lc), 
ipc2 - 3xy + 2y2 - 3x - 2y + 5 = 0. 
The discriminant for equation (lc) is 
8 -3 -3 
(lc) 
2A B D 
d = -3 i}. -2 B 2C E = = 320 - 18 - 18 - 36 - 90 
D E 2F -3 -2 10 
- 32 = 126. 
It is important to note that 126 is a positive number so 
that the locus of (lc) is not degenerate by the test we 
We now introduce another invariant,* 
A + C, which we shall use to identify imaginary loci. When 
the sign of A + C is the same as the sign of d, and d is 
not equal to zero, the locus of an ellipse is imaginary. 
In equation (lc) 
have used (d = 0). 
A + C = 6 
d = 126. 
p 
Since both of these numbers are positive, and B - i|.AC was 
negative, equation (lc) is an imaginary ellipse. 
Note on the Circle 
Equation (Id) may be used to demonstrate the last 
-Mr Smith, Salkover and Justice, op. cit., p. 122. 
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observation, 
x2 + y2 - 8x + ij.y - ij4 = 0 (Id) 
2 0 8 
d = II- = -352 - 128 - 32 = -512. 0 2 
-8 k -88 
A + 0 = 2. 
These two numbers are of unlike sign so that equation (Id) 
is a regular conic. We found B2 - ij.AC to be negative and 
called this curve an ellipse. It is easily recognized as 
a circle since the xy term is lacking and the coefficients 
2 P of x • and y are equal. In brief, general equation (1) is 
a circle when A — C, and B = 0. The circle is a limiting 
form of the ellipse as the foci approach the center making 
the major and minor axes equal. Like other conics, the 
circle may be regular, degenerate (point circle), or 
imaginary. 
Degenerate Conics Located by Factoring 
The locus of an equation of first degree (linear) is a 
If two equations of first degree are mul­
tiplied together, we get an equation of second degree, 
locus of such a synthetic second degree equation is the 
The equations of degenerate 
straight line. 
The 
original two straight lines, 
conics can be resolved into two linear factors so that this 
becomes an important way of identifying the degenerate cases. 
16 
Let us discuss equation (lb) and find its factors, 
x^ + 2xy + 2y^ - 8x - 12y + 20 = 0. 
Recall the quadratic equation in one unknown, 
ax2 + bx + c = 0. 
(lb) 
Recall, also, the formula for finding its roots, 
-b + (b2 - l+ac) 2 
x = 
2a 
Writing equation (lb) in this form, we have 
x2 + (2y - 8)x + 2 (y2 - 6y + 10) = 0. 
Solving for x in this equation, 
- (2y - 8) + (ijy2 - 32y + 6I4. - 8y2 + lj.8y - 80) ~ x = 
2 
-2y + 8 + (-l|y2 + l6y - 16) 2 
2 
_ -2y + 8 + 21 (y2 - Uy + k) 2 
1 
2 
= -y + Lj. + (y - 2)i. 
Clearly we get a real value for x only when y is equal to 2, 
x = 2, when y = 2. 
The locus of equation (lb) is the degenerate point-ellipse 
(2, 2), 
Let us continue and find the factors of 
x2 + 2xy + 2y2 - 8x - 12y + 20 = 0. (lb) 
Recall the factors of the quadratic function, 
-]• -b + (b2 - l|.ac)^ -b - (b2 - i4.ac) ax2 + bx + c = a x- x -
2a 2a 
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Applying this to equation (lb), we get the factors of 
x2 + 2xy + 2y2 - 8x - 12y + 20 
= [x + y - k + (y - 2)ij [x + y - k - (y - 2)i[. 
The factors reveal two linear equations, 
x + y - 4 + (y - 2)i = 0, 
X + y - I4. - (y - 2)i = 0. 
The two lines given here are imaginary but they intersect 
in the real point (2, 2). 
Equation (2b) can be factored almost by inspection, 
(2b) x2 - ipcy + ij.y2 + 2x - l+y - 3 = (x - 2y + 3) (x - 2y - 1). 
x - 2y + 3 = 0, 
x - 2y - 1 = 0. 
The locus of equation (2b) is two parallel lines, a degen­
erate parabola. 
The degenerate parabola may be two coincident lines, 
x2 + 2xy + y2 - 2x - 2y + 1 = (x + y - 1) (x + y - 1). 
x + y - 1 = 0. 
The locus of this equation is the same line counted twice. 
It reminds us of the degenerate parabola in Greek geometry, 
a single straight line. 
Again using the factors of the quadratic function as 
a model, we rearrange equation (3b), 
6x2 + (y + 7)x - 2(y2 + 7y + 12) 
-(y + 7) + (y2 + l^y + + ij-8y2 + 336y + 576) 2 J = 6 x -
12 
18 
-(y + 7) - (y2 + lij-y + M-9 + ̂ 8y2 + 336y + 576) * 
x -
12 
-7 - 7 + (l4-9y2 + 350y + 625) ̂  = 6 x -
12 
(l|9y2 + 350y + 625)* [- -y - 7 -
12 
= 6 [x - -y - 7 + 7y + 25 -y - 7 - 7y - 25 x -
12 12 
-.0 12x - 6y - 18 12x + 8y + 32 12 12 
= |^2Ipc - 12y - 36~j |^36x + 2liy + 96^ 
= (2x - y - 3) (3* + 2y + 8). 
2x - y - 3 = 0, 
3x + 2y + 8 = 0. 
The locus of equation (3h) is two intersecting lines, a 
degenerate hyperbola. 




The reason why degenerate conics arise can best be 
explained in terms of the focus-directrix properties. 
A conic is the locus of a point such 
that its distance from a fixed point 
has a constant ratio to its distance 
from a fixed line. 
The fixed point is called the focus of the conic, the fixed 
line the directrix, and the constant ratio the eccentricity. 
Let p be the distance of the fixed point from the 
P U,j) Q 
X 
r (p,o) o (0,0) 
directrix and denote the constant ratio by e. Take the 
directrix as the Y-axis, and let the focus be on the X-
axis. 
FP e TP" 
\ 
20 J 
The equation for the general conic may now be written, 
(1 - e2)x2 - 2px + p2 + y2 = 0. (3) 
The conics fall into four classes (Including the cir­
cle) distinguished by the value of e, as follows: 
if e < 1, the coefficients of x2 and y2 have like 
signs, and the conic is an ellipse; 
if e = 1, the coefficients of x2 is zero, and the 
conic is a parabola; 
p p 
if e > 1, the coefficients of x and y have unlike 
signs, and the conic is a hyperbola; 
if e = 0, the situation is a limiting case, and 
the conic is a circle. 
Degenerate loci appear when the focus is on the directrix 
(P = 0), or when the eccentricity is zero. 
Consider the conditions 
p = 0, 
e < 1. 
(1 - e2)x2 - 2px + p2 + y2 = 0 
(1 - e2)x2 + y2 = 0 
a2x2 + y2 = 0 
y = + (ax) i 
Under the given conditions the equation is satisfied only by 
the coordinates of the origin (0, 0) so that the locus is a 
degenerate ellipse (point-ellipse). 
(3) 
Consider the conditions 
p = 0, 
e = 1. 
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(1 - e2)x2 - 2px + p2 + y2 = 0 
(1 - e2)x2 + y2 = 0 
y2 = 0. 
Under the stated conditions equation (3) is satisfied only 
by the x-axis, counted twice, so that the locus is a pair 
of parallel lines, the degenerate parabola. 
(3) 
Consider the conditions 
r 
p = 0 
e > 1. 
(1 - e^)x^ - 2px + p2 + y^ = 0 
(1 - e^)x2 + y2 = 0 
2x2 + y^ = o 
(y + ax) (y - ax) = 0 
Equation (3) is now satisfied by two intersecting lines. 
The locus is a degenerate hyperbola. 
(3) 
—© 
If the given conditions are 
P ̂  0, 
e = 0. 
(1 - e2)x2 - 2px + p2 + y2 = 0 
x2 - 2px + p2 + y2 = 0 
(x - p)2 + y2 = 0 
(x - p + iy) 
The equation is satisfied only by the coordinates (p, 0) 
and therefore represents a point, the focus, and may be 
called a degenerate circle (point-circle). 
(3) 
(x - y - iy) = 0 
SUMMARY 
We have examined degenerate conic sections from three 
distinct vantage points. They are curves of intersection 
in the metric geometry of the Greeks, arising when a plane 
is passed through the vertex of a cone. Also, they are the 
loci of second degree equations, arising when particular 
relationships exist among the coefficients. Finally, they 
are the abnormal loci of the general conic, caused by 
pathological conditions with regard to the focus-directrix 
properties. 
We have demonstrated three levels of identification 
for degenerate conics. The quickest and crudest was appli­
cation of the discriminant of second degree equations. 
2A B D 
d = B 2C E = 0. 
D E 2F 
When the value of the discriminant is zero, the conic is 
not of the regular type. 
Factoring represents a higher level of identification 
as it reveals the nature of the graph of the degenerate 
conic. 
The highest level of recognition can be employed only 
after equations have been simplified and analyzed. Then the 
23 
focus-directrix properties can be investigated. 
The degenerate ellipse (or circle) is a point; the 
degenerate parabola is a pair of parallel lines, distinct 
or coincident; the degenerate hyperbola is a pair of inter­
secting lines. 
Equations 
The most general form of the second degree equation: 
Ax2 + Bxy + Cy2 + Dx + Ey + p = 0. 
General equation of the second degree, xy term lacking: 
Ax2 + Cy2 +Dx+Ey+F=0. 
(D 
(2) 
Equation of the general conic: 
(1 - e2)x2 - 2px + p2 + y2 = (3) 0. 
Ellipse--Regular: 
8x2 - 12xy + 17y2 - kV5x - 2V57 -15-0. 
Degenerate, point ellipse: 
x2 + 2xy + 2y2 - 8x - 12y + 20 = 0. 
Imaginary—no locus: 
ipc2 - 3xj + 2y2 - 2x - 2y + = 0. 
Degenerate, point circle: 






(2a) 9x2 + 12xy + Ivy2 - x - y = 0. 
Degenerate, distinct parallel lines: 
(2b) x2 - Ipxy + I^y2 + 2x - ivy - 3 = 0. 
2k 
Degenerate, coincident parallel lines: 
x2 + 2xy + y2 - 2x - 2y + 1 = 0. 
Hyperbola—Regular: 
x2 + 3xy - 2y2 + 3x + 2y + £ - 0. 
Degenerate, intersecting lines: 
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